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George Boole in his Laws of Thought [3], published in 1854, defined the following
problem of estimating an unknown probability given certain data. We are given B, a
finite Boolean algebra and a subset E of the events of B. The pair (B,E) is called a
Venn diagram. In general E will not be a Boolean subalgebra of B. We are also given
a function g : E — R, that is, from E to the reals. We wish now to find a probability p
on B which extends ¢g. Diagrammatically p is such that the following is commutative:

The up arrow is the embedding of E into the set of events of B. In case there does
exist such a probability p we say that g is consistent. The set of all consistent g we
call Boole’s polyhedron BP(B,E). In the cases we are interested in there are many
different probabilities which extend ¢, and we wish to find a p which is, in some sense,
the natural extension of g. An estimator for Boole’s problem is a function est defined on
the collection of all consistent data triples (B, E,q) such that est(B, E, q) is a probability
space (B, p) with p an extension of g. Now if probability spaces formed a variety of
algebras, in the sense of universal algebra, then we could define our estimate p to be the
unique probability given by considering our data (B, E, ¢) to be generators and relations
for p. Although in 1854 no mathematician had as yet attained to a clear understanding
of the concept of a variety of algebras, Boole gave a successful definition of what it
means to say “(B, p) is given by the generators and relations (B,E,q)”. In 1862 [4] he
published a proof that, assuming the data (B, E, q) are consistent, p exists and is unique
and restricts to ¢ on E. Thus Boole was able to define his estimator.

Boole’s estimator is, in extension, the maximum entropy estimator. But Boole did
not have the entropy function H. Rather he used a polynomial form of the partition
function.

Boole starts from the special case (B,E) in which E generates B and E is a set
of “unconditioned events”. Boole defines E to be a set of unconditioned events when
there are no Boolean relations among the events in E. In this case, BP(B,E) is the
unit cube, consisting of all real valued functions ¢ defined on E, such that for all e in
E, 0 <g(e) < 1. Boole’s estimate est(B,E,q), for any ¢ in BP(B,E), is the unique
probability p on B which makes E a set of independent events.

In case (B, E) is not a Venn diagram of events where E generates B, Boole describes
what further information might be furnished to get a Venn diagram in which the events



do generate the Boolean algebra. Boole then deals with the remaining case, in which E
does generate B. One further simplification is made without loss of generality, and we
get to the case in which E generates B, and when E is considered as a set of functions
on PROB(B), and the constant function with value 1 is adjoined, we get a set of linearly
independent functions. We now assume that (B, E) satisfies these conditions.

Because E generates B, we may define a quotient of Boolean algebras y: A — B.
A is the free Boolean algebra generated by the set F' of unconditioned events. F' is
a set of events created in one to one correspondence with E. In Boole’s terms, F is
the unconditioned version of E. More precisely, (A, F) is the unconditioned Venn
diagram corresponding to the conditioned Venn diagram (B, E). v is the surjection of
Boolean algebras defined by the condition that for every f in F, y(f) = e, where e is the
conditioned event corresponding to f. 7y exists and is unique by construction, because
(A,F) is a Venn diagram of unconditioned events which generate A.

Boole now defines the conditionalization functor. The conditionalization functor
is defined on the category of all surjections between finite Boolean algebras, with the
one element Boolean algebra excluded from the category. The conditionalization func-
tor takes values in a category which has one object for every finite Boolean algebra,
the object being the polyhedron of all probabilities on the underlying Boolean alge-
bra. Again the one element Boolean algebra is excluded. The image of 'y under the
conditionalization functor is the usual conditionalization of probabilities

I': PROB(A) — PROB(B)

Note that I" is not, in general, an everywhere defined function. For all proper quotients
v, there will be probabilities  in PROB(A) for which I'(r) is not defined. But if r is
non-zero on all atoms of A, then I'(r) is defined.

Boole uses the conditionalization functor to transport his estimator from BP(A, F)
to BP(B,E). Note that BP(A,F) is just the n cube, where n is the cardinality of F,
also, of course, the cardinality of E. Below we write BP(A,F) as CUBE(F). Here is
the diagram which gives the transport:

PROB(A) ——~ PROB(B)

est M

CUBE(F) -2+ BP(B,E)

The left up going arrow from CUBE(F), that is, BP(A, F), is Boole’s estimator, which
is already defined in this case. The top arrow from PROB(A) to PROB(B) is the condi-
tionalization I'. The down arrow M is the restriction of probabilities over B to the set of
events E. Finally the bottom arrow brm, which we call Boole’s rational map, is defined
as the composition M o I" o est, so the diagram is commutative. We repeat: est is ev-
erywhere defined on CUBE(F), I is not usually everywhere defined on PROB(A), and
M is everywhere defined on PROB(B). So Boole’s rational map is usually not defined
on all of CUBE(F), but in certain important special cases, it is. In equally important
cases, it is not. Boole’s rational map is always defined on the interior of CUBE (F).
Boole defines his estimator

est : BP(B,E) — PROB(B)

by means of the following theorem:



Theorem 1. (Boole’s Theorem) Let g be strictly consistent. Then there exists a unique
s in the interior of CUBE (F') such that

M(T(est(s))) = q
Boole’s Theorem may be rephrased by saying that for any strictly consistent g, the
set of preimages of ¢ in PROB(B) under M and the image of the interior of CUBE (F)
under I' o est in PROB(B) intersect in exactly one point. In statistics, this image of

CUBE(F) in PROB(B), modulo boundary difficulties, is called "the exponential family
for (B,E)".

Definition 1. (Boole’s Estimator) Let (B,E) be as above. Let ¢ be strictly consistent
for (B,E). Let s be the unique s guaranteed by Boole’s Theorem. The value of Boole’s
estimator est at q is

est(q) =T'(est(s))
Definition 2. (Boole’s Partition Function) Let (B,E) be as above. Then there is a
unique least event v in A for which

Y(v) =1

where the 1 on the right is the top element of B. Boole’s Partition Function is the
function

Z:CUBE(F)—R
defined for all s in CUBE(F) by

Z(s) = [est(5))(v)

Let s lie in CUBE(F). For every atom b of B there is a unique atom « in A such that
Y(a) = b, and the union of all a’s which get sent to atoms of B is the conditioning event
v. The other atoms of A are sent to the zero of B. (This is just Stone duality for the
special case of finite Boolean algebras and quotient maps.) Let us compute [est(s)](a):

lest(s)l(@) = [Ts() TT (1—s(s))

a<f not a<f

Z(s) is the sum of the probabilities of all atoms a in A which lie below v:

Z(s) = Y lest(9))(a)

= L|Is0 TT (=s)

Definition 3. (Boole’s Rational Map, version 1) Let (B, E) be as above. Boole’s Ra-
tional Map is the function

brm : CUBE’(F) — BP°(B,E)
which, for all s in the interior CUBE®(F) of CUBE(F),
brm(s) = M(T(est(s)))

At the event e in E, we have

[brm(s)](e) = [M(I(est(s)))](e)
= = ¥ T I 0-50)
Z(S) a%n<aytz)n>1§fA a<f not a<f



Boole’s work in probability was not well understood in his lifetime, but it was
sometimes taken seriously. After Boole’s death this work was mostly ignored. When
not ignored it was almost always misunderstood. In 1986 Theodore Hailperin pub-
lished the second edition of “Boole’s Logic and Probability” [7]. Hailperin’s book is
an extraordinary work of mathematical archaeology. Boole’s “Laws of Thought” and
his papers on probability are written in a language that by 1900 was no longer spoken
by any mathematician on Earth. But Hailperin’s presentation of Boole’s work is both
complete and absolutely clear. We present Boole’s work, with the help of Hailperin’s
translation, and we explain some of the connections between Boole’s estimator, Boltz-
mann’s entropy, Fisher’s information matrix, Kolmogorov’s consistency conditions,
the Einstein-Podolsky-Rosen-Bohm circuit, John Bell’s first theorem, quantum field
theory, the degree of the moment map, and acyclic database schemes.
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