An Expanded Reflection-
Coefficient Equation for

[ransmission-Line Junctions

When the familiar reflection coefficient is applied to
a discontinuity in a transmission line, erroneous
conclusions may result. W7WKB offers a revised

Jormula and demonstrates how reflections
become ero when a match is achieved.

ledgeable men guarrel about tech-

nical matters in Amateur Radio
publications, but that is exactly what
has happened with a series of three
articles from Steven Best, VE9SRB,!
and one from Walt Maxwell, W2DU?
This unusual occurrence prompted
me to study both articles and learn
more about transmission lines and
reflections than I really wanted to
know! Nonetheless, it was very inter-
esting, and 1 think my results are
worth sharing,

Rather than siding with either of

It is very unusual to see two know-

'Notes appear on page 19.
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By Roger Sparks, W7WKB

these gentlemen, I will present a dif-
ferent way of looking at the situation
with an expanded equation to find the
reflection coefficient for a discontinu-
ity. The result for a Y+-wave matching
section will be the same as Steven Best
presented except for the canceling
waves. The concept of complete reflec-
tion is more like Walt Maxwell’s but
without the idea of open or short cir-
cuits created by wave interference.

Begin with Basics

Our radio transmitters send a
wave down a wire to the antenna, We
will begin by forming an idea of how
tha{ invisible wave might look if we
could see it.

My favorite analogy is to look at a
canal or channel filled with water. The
canal is very long and narrow, filled
with some depth of water. Initially

quiet, we see waves generated when
we drop a rock into the water. The
waves travel each way from the point
of impact but leave the water surface
quiet at the point of impact. If it were
not for friction and if the canal were
infinitely long, the waves could travel
forever in both directions, carrying the
energy from the initial splash to dis-
tant regions. The waves have a veloc-
ity and frequency, and carry energy
just like electromagnetic waves trav-
eling on a wire.

We can place our transmitter at the
center of an infinitely long wire (Y am
not gure how we would find the cen-
ter!) and generate waves which go in
each direction. We would be creating
a series of matching troughs and
peaks paired as they fly off down the
wire in opposite directions, By paired,
{ mean that one trough going to the
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left will be paired with a peak going to
the right. The wave motion will be away
from the initial peint but the current
for each trough-peak pair will be in the
same direction. See Figure 1A.

Next, we can take our infinitely
long wire and bend it into a U with
the transmitter at the bend. We have
now formed a transmission line. A
wave generated at the bend in the U
will travel down each side of the line
with current going in opposite direc-
tions. See Figure 1B, In this situation
the magnetic fields from the two cur-
rents cancel, as do the electrical fields,
so long as you are measuring them
from some distance away. If you mea-
sure really close to either wire, you will
find the fields very much present.

If we use our transmission-line con-
figuration but use a battery to gener-
ate the electrical pulse, we can ask
“How much current would flow down
the line when we make the battery
connection?” If the line is infinitely
iong, will an infinitely large current
flow? No, it turns out that a wave front
is formed that charges the capacity
between the wires to the battery volt-
age. The wave just travels along the
wire charging the wire to the battery
voltage at some rate of current. The
speed of the wave is the speed of light
{in air) or the velocity of propagation
in a cable or insulated line. This ve-
locity Hmit allows the capacity of the
line to be charged only so fast, which
means that a ratio of voltage to cur-
rent can be found. Because the ratio
of voltage to current is resistance, ev-
ery transmission line will have a char-
acteristic resistance.

The familiar equation for the resis-
tance or impedance of a transmission
line is
z=yJLC
where Z is the impedance, L the in-
ductance, and C the capacity. The
equation can also be written asg

where ¢ is the velocity of the wave, and
C is the capacity per unit distance,
Thie second form of the equation pro-
vides a rich insight into how the wave
moves to fill the available capacity of
the transmission line as it travels, and
gives mathematical form to the previ-
ous wave description.

When an electrical wave travels
down a wire in the real world, it al-
ways reaches a destination or end.
How does the source {the battery or
transmitter) know that the wave has
reached the end of the wires? Feed-
back to the source cannot travel faster

than the speed of light so the source
just keeps putting power into the
tranamission line until the reflected
wave arrives back at the source. That
means that two waves are on the line
at one time if we consider the reflected
wave as a new wave as if it were from
a second source.

When the wave is reflected from an
open end, the current reverses but the
voltage retains polarity. When mea-
sured, we see that the forward and
reflected currents oppose but the volt-
ages add. In terms of impedance, an
open ended transmission line would
measure capacitive impedance.’

If the wave travels to a short cir-
cuit, then an inverted wave is re-
flected, with the reflected current
adding to the forward current but
the voltages opposing and canceling.
Thus you measure a high current
but no voltage at end of a shorted
iransmission line. (Off subject, but
this is why a loop antenna always
has a low voltage point when mea-
sured equal distance from each side
of the feed point.) A short-circuited
transmission line would measure as
an inductive impedance.?

Both reflected and source waves

will have the impedance of the trans-
mission line carrying them. If the wave
travels to a resistance (terminated
with a resistance), there will be no
reflection if the resistance is the same
as the characteristic impedance of the
Iine. There will be a partial reflection
of an open line type (capacitive) if the
termination is a resistance higher
than the line impedance, and a par-
tial reflection of a short circuit type
(inductive) if the termination resis-
tance is less than the line impedance.

A transmission line terminated
with a matching resistor appears to
be infinite in length because there are
ne reflections. On the other hand, a
mismatched line has reflections and
is said to be discontinuous (or to eon-
tain a discontinuity).

Preparing to Derive a General
Reflection Coefficient

Now let’s ask a hard guestion:
What will the reflected voltage be if
some part of the power is delivered to
a resistor?

As we work toward an answer, we
will begin by selecting a eircuit or vi-
sual model. The reflected wave trav-
els back down the wire it just came
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Figure 1 — (A} A transmitter at the center of an infinitely long wire generating wave pulses
that go in each direction creates a serles of maiching troughs and peaks paired as they fly
off down the wire in opposite directions. At B, the ends of the wire have been folded

together to make it a feed line.

Line Towards Load

Ling From l.oad
00

50 ;
7
oad

(A}

OX0601-Sparks0ZAB

i

Forward Wave
Load
Reﬂacied Wave

Transmission Lme

Figure 2 - Which circuit is the correct representation for a reflected wave? it depends
upon how the waves interact. If there was no interaction at all, then clrecuit A would be
correct. By measuring voltages and currents, we find that the two waves interact ina
manner to result in equal voltage at all junctions, but the current will divide between two
(or more) resistive paths with the result that current into the junction equals current
leaving the junction. The division of leaving current depends upon both the resistance of
each possible path and upon the incoming current from each possible path. Circult B is

the correct representation.
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from. Will the circuit look like
Figure 2A or 2B? If we use circuit 2A
to build our mathematical model, the
line picked to carry the reflection
would look like a second resistance
placed in parallel to the load resis-
tance, In fact, circuit 2A is the cireuit
for a resistor placed into a transmis-
gion line. The line carrying the re-
flected wave has the same impedance
as the source line, so the parallel com-
bination of load and reflection carry-
ing transmission line would always
result in an inductive reflection.

Basged on measurements, we can
see that something else is happening
when reflections oceur. The reflected
voltage or current adds or subtracts
from the source power depending upon
the resistive ratios. “Circuit” 2B must
be used. It doesn’t look like a circuit
does it? It is more like a graphical de-
scription of the wave movement. This
is how we will depict two waves flow-
ing in opposite directions on a trans-
mission line.

The familiar antenna reflection co-
efficient equation was derived from
the “circuit” in Fig 2B.

zZl

]
r_ 4
vz, b
Zf

where Vfr is the reflected part of the
forward voltage, Vfis the forward volt-
age, Zf is the line impedance and Z1 is
the load impedance.

This equation was used very effec-
tively by Steve Best in his article as
he traced the multiple reflections that
ultimately result in a stable transmis-
sion-line condition.!

The “circuit” in Figure 2B works
fine for a transmission line terminated
in either a resistor or antenna, but it
must be expanded to include wave
fronts coming from two directions if
there is a discontinuity within the
transmission line. Power coming from
a second source will change the
amount of primary power reflected
from the discontinuity. Figure 3 is a
representation of the wave flow from
two directions at a discontinuity; it
shows both forward and reflected
waves,

We can use the familiar equation
(Eq 1) for inline discontinuities (as
Steven Best did), but the result leads
as to the conclusion that a reflected
wave from the discontinuity combines
with a reflected wave from the an-
tenna, which then cancels under
matched conditions. We are left with
the decidedly unsatisfactory notion
that positive power cancels negative
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power. The power just seems to disap-
pear, which we know to be impossible,
from the laws of physics.

We can remove this unsatisfactory

notion of canceled power by deriving
the antenna reflection factor from a
more general condition that includes
power coming from a second direction
on a conductor. To do this, we must
break from the traditional premise
‘that waves traveling in opposite di-
rections pass through each other
without effect. We substitute a
premise that the waves always inter-
act s0 that the resultant measurable
voltage or current at any point is the
sum of the voltages or currents of all
the waves traveling in any direction
on any one conductor.

If you are reluctant to give up the
premise that opposite traveling waves
pass without effeet, look carefully at
Figure 1A and Figure 1B to consider
the differences between the two “cir-
cuits.” If the reflected wave were to
pass without effect, circuit (A) would
apply. Instead, consider how waves
travel when one wave rides “on top” of
the other wave. Comfort may come

after you understand how the ex-
panded reflection coefficient is devel-
oped and actually works.

The general version of the reflec-
tion coefficient is developed in the
sidebar “A Derivation of the Expanded
Voltage-Ratio Equation.”

The assumption that the voltage at
any point is the sum of four waves
rather than two deserves some expla-
nation. When we consider a disconti-
nuity, waves may source from both the
right and left sides and meet at the
peint of consideration. A reflection will
occur at the discontinuity for both
waves. Thus, at the discontinuity, we
have source waves arriving from both
directions and reflected waves moving
away in both directions, four waves,
The voltage at the discontinuity is the
sum of the two waves on each respec-
tive side, which becomes a single volt-
age at the single examination point.

Each reflected wave containg en-
ergy from both source waves but no
instrument can identify from which
source wave the energy actually came.
Yes, it can be mathematically traced,
but for all practical purposes, the
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Figure 3 — A representation of the wave flow from two directions at a discontinuity; it

shows both forward and reflected waves,

pe——  1/4 Wave Transformer Line -——>1

Matched Line

B T
Vir

Transmitter | 2f

Vi

GXO801-Sparks03

Vi VL
Zi] Load ZL
Vir Vir

Figure 4 — Matched transmission line using s wave transformer.




source waves have been reformed into
two new waves with a life of their own.
The waves have been re-formed.

Here is the general reflection coef-
ficient equation which was developed
in the sidebar,

Assume that the impedance of the
source line is 60 Q, the impedance
of the load is 150 Q, and the trans-
forming line is 86.6 Q. The input
power will be 100 W, which makes
the forward .voltage in the source
line to be 70.711 V. The entire sys-

for the second Ye-wave is recorded
on line 2 of Table 1.

This sequence of successive He-wave
events continues and is recorded on
lower lines in Table 1 until the reflec-
tion coefficient Vf/Vf becomes zero. AL
that point, stability is reached.

A tem will be assumed to be without  Steven Best will be gratified to no-

W 4 Vi (Eq 2) losses so that we can focus on the tice that the steady state power excess
vf o principles of the problem. in the Ys-wave transformer is 7.736 W,
Zr The beginning source wave, Vf,will  the same as he discovered. Walt Max-

where Vir is the voltage reflected from
the load and Vf is the forward source
voltage.

One of the first things to notice
about Eq 2 is that it reduces to Eq 1if
there is no reflected power. This 1s to
be expected if it is a more comprehen-
sive version of Eq 1.

The second thing to notice is that
Eq 2 reduces to the pre-existing load
reflection coefficient if there is no dis-
continuity in the transmission line.
This is alzo to be expected if Eq 2is a
more comprehensive version of Eq 1.

Using the Expanded Reflection
Coefficient

An analysis of the frequently used
Y+ wave matching transformer is a
good way to show how the expanded
reflection coefficient is used. I have
attempted to use an example with the
same characteristics as used in both
the Best and Maxwell articles. This
makes comparisons to the previous
articles easier. Figure 4 shows the
symbols used in the analysis. The re-
sults are shown in spreadsheet format
as Table 1.

travel to the input of the Yi-wave
transformer where it has the first re-
flection. Part of the wave, Vif, will con-
tinue forward to the load where it will
divide between load, VI, and backward
reftection, Vir. The second part of the
source wave, Vf, will reflect from the
input of the Ys-wave section back to
the source and will be identified as V.
(The effects of Vfr on the source will
be ignored in this analysis for sake of
simplicity.) The part of the wave re-
flected back from the load, Vir, is re-
labeled Vir so that Vir = Vir when we
move to the next wave sequence. This
is done to clarify the sequence of
events as we trace the forward wave.
The entire sequence of evenis is re-
corded on line 1 of Table 1.

When the leading edge of the re-
flected part of the initial wave
reaches the input of the quarter
wave line (when Vir first contacts
the leading edge of the second half
wave Vf at the discontinuity), a new
wave is formed at the input to the
Ys-wave Hne. Now we will use Eq 2
to find a new reflection coefficient
that accounts for the power input
from Vir. The sequence of voltages

well will be glad te see that there is
no power reflected back toward the
souree from the input of the Ye-wave
transformer once a steady state is
reached. All of the power is properly
directed by means of voltage division
among resistive loads.

It is appropriate to emphasize the
rote of the Yi-wave transformer in this
example. In the Ye-wave transformer,
the leading wave edge has traveled
exactly ¥z wavelength before a portion
of it returns to the input as a reflected
wave (having entered the transformer,
traveled s wavelength to the load, and
Y4 avelength back to the input point).
On arrival back at the input, the lead-
ing edge “encounters” the second half
of the wave, which is always inverted
from the first half wave. We must ac-
count for this inversion by reversing
the sign for Vir. This reversal allows
the reflection coefficient to reduce to
zero after several half waves have oc-
curred.

We have already mentioned that in
the steady state, the transforming sec-
tion of the Y+wavelength line always
containg more power than the
matched section of line {per unit

Table 1

Results of a spreadsheet to calculate the ratio of reflected voltage to source voltage (power is also calculated) using Eq 2 to
analyze a '/s-wavelength impedance transformer. A stable reflection factor, VE/VE = 0, is reached after five reflection everits.
The voltage symbols for this spreadsheet/table are shown in Figure 4. The power associated with each voltage has a prefix
“P"and a suffix identical to the associated voltage “V.”

Input
Source impedance  50Q
Load impedance 150 Q
Matching impedance 86.6 Q
Source voltage 70.711
1

Caleulations
input
Pulse  Vir VIi/vE Vir Pfr Vif Ptf virvt Vir Plr Vi P Sum P
Number
1 0.000 0.268 18946 7.179 89657 92.822 0.268 24025 6.665 113.682 86.157 100.001
2 24025 0.019 1.358 0.037 96.084 108.629 0268 25750 7.656 121.844 98.973 106.666
3 25.750  0.001 0.086 0.000 96556 107.657 0.268 25873 7.730 122430 98.8927 107.657
4 256.873 0.000 0005 0.000 96582 107.731 00268 25882 7.738 122472 90.996 107.731
5 25882 -0.000 -0.002 0000 96592 107.736 0.268 25883 7.736 122475 100.001 107.736
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A Derivation of the Expanded Voltage-Ratio Equation

A junction in a real transmission line often carries waves
traveling in both directions. What is the reflaction factor —
expressed as a ratio of reflected voltage to forward voltage
~— when power is flowing in both directions at a junction be-
tween two mismatched transmission lines?

Assumpltions

1. Power entering the junction i equal to power leav-
ing the junction.

2. Current entering the junction is equal to current
leaving the junction.

3. The voltage developed at the junction is common to
all conductors making the junction.

4, The voltage at the junction is the sum of the forward
and reflected voltages for both the source and load sides
of the junction. These voltages could be measured by a
directional voltmeter,

Derivation
Refer to Figure A for a diagram and symbol description.
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Zf = Impedance of the fransmission iine carrying forward
power

71 = Impedance of the transmission line carrying reflected
power

Vf = Voltage of the forward wave

Vir = Voltage of the reflected portion of the forward
wave

Vir = Voltage of the reflected wave traveling rearward
from the load

Vil = Voltage of the re-formed wave traveling forward to
the load

{f = Forward current

Ifr = Reflected current from junction

Iir = Reflected current from the load

Ifl = Forward current of the re-formed wave traveling
forward to the load

Based on our assumptions, we have:
VF & Vir =VfI+Vir (Eq St}

Voitage on the forward side equals voitage on load side,
and

If+lr=Ifr+ Ifl (Eq 52)
current flowing into the function equais current flowing
out of it

First, we find another definition for V# to reduce the
number of unknown terms. The basic transmission line
impedance is Z =V //, where Vis the input voltage and /
is the input current. Therefore, we can say
VL= If1Z1

We can define Vflin terms of Zf and Zf by using Eq 82
and the basic impedance reifationship to substitute and
rearrange terms,

VA= ZI(If + IIr~ IfY)
(Eq 83}

The reflection ratio is defined as Vir/ V. We can sub-
stitute, using Eq 81, to get

Vfr_ VA+VIr-Vf
VfVf

Next, multiply both sides by Vfand substitute Vff by
using £q 83,

Carry out the multiplication

VIVfr . Z2VE  ZIVIr ZIVfr
%me =Vir-Vf+ 7 + i 7

then simplify and combine terms.
WerVir—wVf+g£—ti—%
@£ i

Divide both sides by Vf.
Yff,-m’“_l Zt 2 vfr
Vi v v/

Group all the terms containing Vfr on the left side and
factor out Vfr/ VI

wE,). a0
vz ) v

Leave only Vfr/ Vf on the left side to get the voltage
reflection ratio:

zl (vn}
—————— =142 -
Vir Zf 44

Vf g_t. + |
zf

Equation S4 is the voltage reflection ratio for a transmis-
sion line discontinuity with power coming from two direc-
tions. Notice that the ratio is dependent upon the ratio of
reflected load voltage (from the load) o the forward voltage,
as well as the ratio of impedances on each side of the junc-
tion. Notice also that the ratic becomes the familiar

(Eq 54)

Z1

£
Vi 4

7z

if the reflected voltage from the load is zero.
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length). The reflected wave is en-
tirely reformed during each half
cycle to contain just enough re-
flected power (extracted from the
power going to the antenna) to cause
the natural power division at the
discontinuity to be zero in the source
direction. At the same time, the
reflected power is re-reflected from
the discontinuity back to the an-
tenna in phase with the source
power. As a result, the transforming
section always contains power from
both the source wave and the re-
flected wave. In the example, the ex-
cess power ig 7.736 W,

It is tempting to picture the re-
flections in the matching section as
waves bouncing between mirrors. 1
would argue that it is more intellee-
tually correct to say that the re-
flected wave is actually re-forming
at each end using the power from
both the forward and previously re-
flected waves. I must admit that the
vigipn of mirrors has an appeal that
is seductive, but it does not conjure
an accurate conceptual framework,

Conclusion

We can take some of the mystery
out of transmission-line reflections
by using the expanded version of the
reflection coefficient. The problem
reduces to a sequence of voltage
divisions that are easily calculated.
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