
C h a p t e r 1 0 

T h e C o n d o m P r o b l e m 

A well known puzzle a m o n g combinator ia l i s t s is t h e following: m men 

and n women, each wi th a different sexual ly t r a n s m i t t e d disease, wan t 

to engage in all mn sexual encounte rs wi th no one ca tch ing anyone 

else's disease and wi th t h e min imal n u m b e r of condoms being used. 

You are allowed to nest condoms and t o t u r n t h e m inside out , b u t 

once a surface becomes infected by a disease it s tays infected for all 

t ime. Th i s problem first appea red in pr in t in t h e euphemis t ic form 

of doctors , pa t ien ts , and surgical gloves in M a r t i n G a r d n e r ' s co lumn 

in Isaac Asimov's Science Fiction Magazine [36, G a r l ] (also[37]). T h e 

p a p e r of Hajna l and Lovasz [55] (see Section 10.1) uses t h e te rminol­

ogy of rabbi t s , radioact ive plates, a n d m e m b r a n e s while t h e pape r of 

Or l i tzky a n d Shepp [93] (see Exercise 10.2) t a lks a b o u t compu te r s and 

interfaces. 

T h e cases of m = n = 2 and m — 2k + 1, n = 1 were t h e original 

formulat ions of t h e problem ( the case m = 3, n — 1 appea red in [37, 

page 134]), a n d these examples will be descr ibed before moving on to 

t h e general case. Fi rs t , one needs to set u p no ta t i on to formulate t h e 

p rob lem in m a t h e m a t i c a l t e rms . 

N o t a t i o n : T h e men will be deno ted by M j , M j , a n d t h e women by 

W{,Wj. T h e condoms will' b e deno ted by d w i th Ci or Ci in order 

to dis t inguish t h e direct ion used (Ci if no confusion is possible). A n 

encounter will therefore be of t h e form 

MaCiCj---CkWb, 

203 
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or if t h e diseases will a re deno ted by Di 

Da Ci Cj • • * Ck Db, 

since t h e diseases uniquely identify t h e Mj ' s and Wfs. If t he re is no 

confusion t h e C 's m a y be d ropped . 

T h e c a s e m = n = 2: Two condoms is the answer. Let M1:M2 be 

t h e men a n d W i , W2 be the women, and C\,C2 be t h e condoms. T h e 

solut ion consists of t h e sequence of encounters 

(1) 

(2) 

(3) 

(4) 

Mx d C2 Wi 

Ml C[ W2 

M2~C2WX 

M2~C2~CXW2 K 

To see t h a t two is t h e m i n i m u m possible no te t h a t each condom provides 

two clean surfaces, a n d the re are four people involved. 

T h e c a s e m = 2k + 1, n = 1: k + 1 condoms is t h e answer. . L a b e l 

t h e men Mu M 2 , . . . , M fc, MJ , M ' , . . . , M'k and M. T h e w oman will be 

deno ted by W, and t h e condoms by C i , C2,.. •,Ck-, and C. 

T h e solut ion consists of t h e sequence 

(1) 

(2) 

M1C1 CW 

M2(%~CW 

(*) 

(k + 1) 

(fc + 2) 

(fc + 3) 

MkCk CW 

M~CW 

M[d~CW 

M'2C2~CW 

(2k + 2) M'kCk CW 

i 
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As before it can be seen t h a t k -j- 1 is op t ima l since th is n u m b e r is 

exact ly equal t o half t h e n u m b e r of pa r t i c ipan t s . 

In their paper , A. Ha jna l a n d L. Lovasz [55] considered t h e condom 

problem (in an equivalent formulat ion) and t h e y gave an elegant solu­

t ion by providing u p p e r a n d lower b o u n d s t h a t differed by an addi t ive 

cons tan t of one. I comple te th i s analysis by present ing an a lgor i thm 

t h a t is op t ima l for all m a n d n. I will show 

T h e o r e m . Assume there are m men and n women with m > n (if 

n > m then the proof is identical but with the role of men and women 

interchanged). Then there is an algorithm that uses 

(10.1) 
m 2n' 

condoms, where \x~\ represents the smallest integer greater than or 

equal to x. (10.1) is optimal except for the case m = n = 2 when 

2 condems suffice, and the case n = 1, m = 2k -f 1 when (m + l ) / 2 

condoms suffice (these are also optimal). 

(Hajnal a n d Lovasz provided a lower b o u n d of -\m/2 + 2 n / 3 — 1/3] 

for all m , n a n d an u p p e r b o u n d of \m/2 4- 2 n / 3 ] + 1 in t h e case of 

m = n = 6k.) 

1 0 . 1 T h e w o r k o f H a j n a l a n d L o v a s z 

1 0 . 1 . 1 T h e a l g o r i t h m 

T h e Hajnal a n d Lovasz a lgor i thm works for m = 2k men and a n d 

n = 3£ women, where n > m, a n d uses n/2 + 2 m / 3 + 1 condoms. T h e 

m e t h o d is identical to one wi th 2 men and 3 women and 4 condoms so 

this will be used to i l lus t ra te the a lgor i thm, see F igure 10.1 

N o t e o n t h e figures: 

• denotes a person no t p ro tec ted by a condom. 

~i~ denotes a person p ro tec ted by a condom wi th a clean o ther side. 
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~ denotes a person p ro tec ted by a condom wi th an infected o ther 

side. 

* deno tes a person w h o has finished all encounters . 

WWW 

Label ing t h e men M i , M2 a n d t h e women W i , W2, W$, and the con­

doms Ci,C2, C3, J one has t h e a lgor i thm (following Figure 10.1) 

A l g o r i t h m for t w o m e n , t h r e e w o m e n , four c o n d o m s : 

(a ) M i will use Ci, W\ will use C2, W2 will use C3. J will be the 

master condom which always has a clean side and is used as an 

accessory to p ro tec t CVs t h a t need to s tay clean. 

( b ) T h e encounte rs M1C1C2WU M1C1C3W2. 

(c ) W2 gives u p C2 which is t u r n e d inside ou t a n d will b e used by W3 

for all t ime. 

( d ) Encoun te r M1C1~JC2WS. 

( e ) M i has comple ted all encounte rs and so gives u p C\ which is t u r n e d 

inside ou t a n d will be used by M 2 for all t ime. 

«s 

(f) Encoun te r s M2CX J C2WU M1C1C2W3. 

(g ) W\ has comple ted all encounters , a n d C2 is t u r n e d inside ou t and 

used by W2. 

( h ) Encoun te r M2C1C2W2. 

T h e m e t h o d for m = 2k men , n — 3£ women, a n d k + 21 + 1 = 

m / 2 + 2 n / 3 -f- 1 condoms, where m > n, is very similar t o t h e above 

a lgor i thm. Label t h e men M i , . . . , M m , a n d t h e women W i , . . . , Wn, 

a n d t h e condoms C i , . . . , Ck, C[,..., C2£. T h e n t h e a lgor i thm is as 

above b u t replacing all encounters of t h e form Mi <£> Wj in t h e above 

w i th M2a+i & W3b+j, a = l , . . . , f c , b= !,...,£. 
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10.1a lO.le 
i 

_ _ L 

10.1b lO.lf J / 

10.1c 

_ r ~ ± 

* 

lO.lg 

r ~ ± 
* 

• • 

lO.ld 

_ ^ s L 

* 

lO.lh 

1 
* • * 

Figure 10.1: T w o men, t h r ee women, four condoms. 
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N 1 

r2\ 

A l g o r i t h m for n m e n , m w o m e n , n / 2 + 2 r a / 3 + 1 c o n d o m s : 

( a ) M 2 i ~ i will use condom Ci, i = l,...,k. W3j-2 will use C2j_1, 

W33-1 will use C2j, j = 1 , . . . ,£. J will be t h e master condom 

which always has a clean side and is used as an accessory to 

p ro tec t CVs t h a t need to s t ay clean. 

( b ) All encounte rs M2i-1CiC^1W3j-21 M2i.lCiC
l
2jWZj-1. 

(c ) Each C2j is t u r n e d inside ou t a n d wil l be used by W3j for all t ime. 

( d ) All encounte rs M ^ - i C * J C2jW3j. 

( e ) Each M2i^\ has comple ted all encounte rs a n d so each Ci is t u r n e d 

inside o u t and will b e used by M2i for all t ime. 

(f) All encounters M2iC*J C'2j_xW3j-2, M2iCiC2jW3j. 

( g ) Each W3j-2 has comple ted all encounte rs so gives u p C ' - _ i which 

is t u r n e d inside ou t a n d used by Wjy- i -

( h ) All encounters M2iCiC2j^1W2j-i. 

R e m a r k : Th i s gives t h a t 6n m e n a n d 6n women only need 7n + 1 

condoms. 

1 0 . 1 . 2 T h e l o w e r b o u n d 

As above, let M i , M 2 , . . . , Mm be t h e men a n d W\, W2,..., Wn be t h e 

women. Following [55] these will be t h e vert ices of a g raph . T h e con­

doms will be edges of th is g raph . 

A surface of a condom C becomes infected by a disease if t he surface 

was clean and t h e n came into contac t wi th th is disease only. 

Th i s is how t h e g r a p h is connected: 

1. If a side of a condom C becomes infected first wi th the disease 

cor responding t o person D i and then the o ther side becomes in­

fected wi th the disease cor responding to person D2 t hen we draw 

a directed edge D± D2 connect ing person D\ to D2. 
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2. If t he infection occur red s imul taneous ly t h e n an a r b i t r a r y direc­

t ion is chosen. If a side of condom becomes infected by two dis­

eases s imul taneous ly t h e n we connect th is side to an a rb i t r a ry 

vertex, likewise if t h e side remains clean t h r o u g h o u t . 

For example the reader can check t h a t the solut ion for m = n = 2 given 

in the in t roduc t ion has t h e g raph 

• • 

T i 
• • 

and t h e solut ion for n = 1, m = 2k + 1 has t h e g r a p h 

(m-l ) /2 

• • —> • 

T 

T h e r la jnal a n d Lovasz a lgor i thm given above has t h e g raph 

m/2 times 
• —» • 

2n/3 times 

• —» • —> • 

T h e nex t s tep is to find a lower b o u n d , b u t first here is a general 

observat ion a b o u t t h e o p t i m a l way t o use condoms. T h e idea is to t u r n 

a condom inside ou t a n d pass it t o someone after you 've used it. For 

example t h e most efficient way is for one person Di to use a condom 

for all in teract ions , t h e n t u r n it inside ou t a n d give it to person D2 

who t h e n uses it for all in teract ions . Th i s gives t h e connected two-

componen t 

(10.2) L>i -> D2. 

T h e next m o s t efficient m e t h o d is for th ree people t o use two condoms 

Dl _> D2 _> D s , 
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M 

U 

r-

where £>2 passes to D3 and t h e n £>i passes t o D2, and so forth. T h e 

Hajnal-Lovasz a lgor i thm chooses t o use 2 -componen ts for e i ther the 

men or t h e women, depending , on which are more numerous , and then 

uses 3 -componen ts for t h e o thers . 

T h e next observat ion is t h a t in (10.2), Di mus t accomplish all en­

counters before pass ing t o Dj a n d so Dj m u s t wai t for th is before 

beginning. Th i s immedia te ly implies: 

(i) two connected componen t s of t h e form 

Mi <—> Mj Wk <—> We 

canno t occur . In o ther words, only t h e men or only t h e women can 

conta in a 2 -component . 

(ii) If two connected componen t s 

M- i—> W, M* We 

exist, t h e n one mus t po in t t oward t h e w o m a n and the o ther toward t h e 

m a n . 

Now using t h e observat ion t h a t no ver tex in t h e g raph is isolated 

a n d t h e res t r ic t ions of (i) a n d (ii) it follows t h a t an op t ima l solution 

m u s t look someth ing like 

(m-2)/2 times 

• • • —> • 

T I 
rest of women 

where t h e "rest of t h e women" pa r t of t h e g r a p h does riot conta in a 

2-component . I t follows t he r e mus t be a t least 

(10,3) 
m — 2 n 2 , . m 2n 1 

edges a n d so a t least [ m / 2 -I- 2 n / 3 — 1 /3 ] condoms. 

R e m a r k : In t h e case 6n men and 6n women, one sees t h a t the lower 

b o u n d gives 7n condoms, so t h e u p p e r and lower bounds of Hajna l and 

Lovasz differ by one. T h i s u p p e r b o u n d will be reduced in t h e next 

sect ion. 
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1 0 . 2 T h e a l g o r i t h m 

Before doing t h e general case, I'll descr ibe t h e a lgor i thm for 4 men , 

6 women, a n d 6 condoms since th i s case a l ready con ta ins all t h e in­

gredients of t h e general case. T h e key idea is t o fabricate t h e mas t e r 

condom from t h e ones used by t h e men a n d women, ins tead of jus t 

add ing an e x t r a one as in t h e Hajnal-Lovasz a lgor i thm. 

As before, label t h e men M i , . . . , M4, a n d t h e women W\,..., W$. 

Here is a descr ipt ion of t h e a lgor i thm 

A l g o r i t h m for f o u r m e n , s i x w o m e n , s i x c o n d o m s : 

( a ) M2 will use condom C l 5 M 3 will use C 2 , W1 will use C 3 , and 

W3, W4, W5 will use C4, C 5 , CQ respectively. 

( b ) All encounters M 2 C i and M3C2 w i th C3W1: C4W3, C5W4, and 

C6W5. 

(c ) W4 gives u p C 5 which will t hen b e used as a mas t e r condom, a n d 

so will be deno ted by J for t h e rest of t h e a lgor i thm. W5 passes 

C6 to W6. 
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( d ) Encoun te r s M2CX J C6W6 and M3C2 J C6W6. 

m 

( e ) M2 has comple ted all encounters except W2, so will no longer need 

C i . O n e therefore has t h e encounter M2C\W2. 

\a 
P 

u 
P 

k 
!5 

(f) M 2 now passes Ci t o W2. 

• 

_ L 

(g ) Encoun te r M3C2 J C{W2. 

• • 
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( h ) A/3 has comple ted all encounte rs so passes C2 to M4. 

1 
L 

_ ± _ 

( i) Encoun te r M4C2 J C3WX 

• • 

( j ) W\ has comple ted all encoun te r s excep t w i th M i so t h a t one has 

t h e encounte r M1C3VF1. 

\r 

_ J L _ J -
® 

* • 

( k ) W\ passes C 3 t o M i . 

A T 

i • ™ • 
® 
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(1) Encoun te r s MYC3 a n d M4C2 w i th CXW2 and- C6W6. 

* 

( m ) Encoun te r s M1C3 a n d M4C2 w i th J C4W3. 

X , . / J 

MX 

ft 
ju 
fa 

( n ) W3 has finished so passes C4to W4. W5 uses J from now on. 

t * 

* * * * • ^ 

(o ) Encoun te r s M1C3 a n d M4C2 w i th C4W4 and JW5. 

* 

ill 

T h e point of th is much more compl ica ted m e t h o d is t h a t t h e mas te r 

condom was genera ted by using a four-component in a nontr ivial way. 

No te t h a t th is m e t h o d needs t o use two connected componen t s t h a t go 

from a m a n to a woman a n d from a w o m a n t o a m a n . 

We now proceed t o t h e general case of m — 2k-\-2 men and n = 3£+6 

women, m / 2 + 2 n / 3 = k + 2£ + 5 condoms, where m > n. Th i s is very 
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similar to t h e previous a lgor i thm. O n e labels t h e men M i , M 2 , a n d 

M; , i = l , 2 , . . . , 2 f c , a n d labels t h e women WUW2,W3,W4,W5,W&, 

and Wp j = 1 , . . . 3 £ Also label t h e condoms C i , C 2 , C 3 , C4, C5, C[, 

i = 1 , . . . , k, C", j = 1 , . . . , 2£. T h e s teps of t h e a lgor i thm are: 

A l g o r i t h m for m m e n , n w o m e n , m / 2 4- 2TI/3 c o n d o m s : 

(a) M 2 will use condom C\, M 2 - _ 1 will use C-, % = 1 , . . . , fc. Wi will 

use C 2 , a n d W ^ W ^ W s will use C3,C4,C§ respectively. W3j_2 

will use C ^ _ i , j = 1 , . . . ,£ and W^_x will use C £ , j = 1 , . . . , £. 

( b ) All encounters M 2 C i and M'2i_xC[ w i th C2WU C3W3, C4W4, C5W5, 

(c ) W4 gives u p C4 which will t hen b e used as a mas t e r condom, and 

so will be denoted by J for t h e rest of t h e a lgor i thm. W$ passes 

C 5 to W&. Each W ^ _ i passes C^ t o W'2j. 
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( d ) Encoun te r M2CX J C5W6, all encounte rs M 2 C i J C^W^. All en­

counters M'2i_xC[ J C5W6 a n d all encounters M^C- J C2jW3j. 

•T- *>"'K'sii'*:®88$S'!i%,--- ^ 

(e ) M 2 has comple ted all encounte rs except W2, so will no longer need 

C i . O n e therefore has t h e encounte r M2C\W2. 

_ L _ 

(f) M 2 now passes C i t o W2. 

* 

_ ± _ 4 - - r 
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(g ) All encounters M'2i_xC[ J dW2. 

* 

J / 

_ . J£ _ J - — J -

( h ) Each M2i_x has comple ted all encounte rs so passes C[ to M2i. 

* 

t . . T 

_ ± — J . _ - L 
® 

( i) All encounters M'2iC[ J C2WX 

* * 

. . ^ T _ J - — - L 
® 

(j) Wi has comple ted all encounte rs except wi th M i so t h a t one has 

t h e encounter MiC2W\. 

* * 

— - L _ J . _ _ - L 
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( k ) W\ passes C2 to M i . 

! J . _ 
* 

J . _ - L 

US 

a , 

SI 
d 

a i 

(1) Encoun te r s M i C 2 a n d M ^ q wi th C i W 2 , C 5 W 6 , a n d all C^W3j 

( m ) Encoun te r s M i C 2 and M^Q w i th J C 3 W 3 and all C'^_JV^2. 

* 

* * 

* 

J J / * > J -V 

• • * * 

( n ) W3 has finished so passes C3 to W4. W5 uses J from now on. Each 

W3j_2 has finished and passes C2j_1 to I ^ - i -

* 

* * 

* 

* * • # 
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(o) All remain ing encounters M\C2 a n d M2iCl w i th C3W4, JVK5, and 

all C ^ W V r 

R e m a r k : In t h e case of 6n men a n d 6 n women th i s a lgor i thm needs 

6 n / 2 + 2 • 6 n / 3 = In condoms. By t h e lower b o u n d of Section 10.1.2, 

th i s a lgor i thm is op t imal . 

Here is a g raph of t h e a lgor i thm 

fc times 

T I 
I times 

1 0 . 3 T h e g e n e r a l c a s e 

T h e a lgor i thm of t h e las t sect ion can b e modified t o t r e a t all t h e cases 

for m , n > 6. We only present t h e generic cases since t h e o thers can b e 

hand led similarly. 

(a) m = 1 (mod 2) and n = 2 (mod 3) 

(b) m = 0 (mod 2) a n d n == 2 (mod 3) 

(a) W e have a n a lgor i thm similar t o t h e above based on t h e g r a p h 

(m-3)/2 

• • • —> • • 

T I (n-8)/3 
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(b) Th i s case uses a different a lgor i thm (similar t o t h e Hajnal-Lovasz 

m e t h o d ) using t h e g r a p h 

T I 

(m-2)/2 

• —> • 

(n-2)/3 
J = mas te r condom 

where J serves as a "mas te r condom," i.e., one side is always clean 

and t h e o ther always unclean, as before, b u t it never comes in contac t 

directly w i th a Mi or W3. 

As in [55] I leave t h e case of n < 6 t o t h e reader . Note , however, 

t h a t t he cases m = n = 2 and n = 1, m — 2k + 1, a re the only ones for 

which (10.1) can be improved. 

l 

1 0 . 4 L o w e r b o u n d s 

To show t h a t (10.1) is op t imal , we m u s t improve t h e lower b o u n d of 

(10.3). 

L e m m a 1. If m >n>6, then (10.1) is optimal. 

(As before, I leave t h e case n < 6 to t h e reader . ) 

P r o o f : T h e only case when t h e lower b o u n d of (1) doesn ' t follow di­

rect ly from (10.3) is if 

rn 2n' 
^ 

m 2n 1' 

~ 2 ~ + y ~ 3 

which h a p p e n s when 

(a) m = 0 (mod 2) and n = 2 (mod 3) 

(b) m = 1 (mod 2) a n d n = 1 (mod 3) 

We will prove t h e L e m m a for (a). T h e proof for (b) is similar. 



10.4. LOWER BOUNDS 221 

P r o o f for ( a ) : By the commen t s a t t h e end of §2 t h e g raph of an 

a lgor i thm t ak ing m/2 + 2 n / 3 — 1 / 3 condoms m u s t look like 

(m-2)/2 

• • • —> • 
(10.4) T ! 

(n^2)/3 

<-TT >• 

I leave t h e proof for n = 2 t o t h e reader . For n > 2 I will need t h e fact 

t h a t t h e 3 -componen ts in (10.4) mus t all be of t h e form • — > • — • • . 

As a m a t t e r of fact, t h e following s t ronger s t a t e m e n t is t rue : 

L e m m a 2 . For a n y algorithm, if the men have a 2-component, then 

the 3~compohents of the women must be of the form • —-> • —-> • . 

For t h e m o m e n t assume t h a t L e m m a 2 is t rue , t h e n t h e g raph (10.4) 

looks like 

(m-2)/2 

T ••- (n-2)/3 
Now consider t h e l a s t 'W3i + 5 M3 for 0 < % < (n—5)/3, say it is W3j+5M3. 

M 3 has t o be p ro tec ted , b u t I will show t h a t no in t e rmed ia t e condoms 

can be used: It is fairly clear t h a t M ^ M i and M2W2 c an ' t be used. None 

of the Wsi+3W3i+4 can be used since one side is reserved for W3i+3M4 

and t h e o ther is reserved for W3i+4M4. Finally, by a s sumpt ion all 

o ther W3i+4W3i+4 are unclean on b o t h sides. Therefore W3j+^M3 is 

impossible. 

P r o o f o f L e m m a 2: Let M i —-> M2 be a 2 -component of t h e men , and 

W\ •*-> W2 «-> W3 b e a 3 -componen t of t h e women. T h e possibil i t ies for 

the 3-component t h a t have t o b e ruled ou t are: 

( i ) . ^ . - . 

(ii) • - * • <- • 

We consider t h e case of (i) ( the (ii) case is hand led similarly). 

We t ry t o figure o u t in which order W i , W^, W3 will have sex w i th 

M 2 . W i t h o u t loss of generali ty, one can a s sume t h a t W2W3 will be used 
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for W2M2. Now by definition of t h e d i rec ted g raph M i M 2 is unclean 

on b o t h sides. Fu r the rmore , since M i has comple ted all i ts encounters , 

W2Wi and W2W3 are unclean on b o t h sides ( this follows from t h e s h a p e 

of t h e componen t ) . 

(a) W2 c anno t be first since th is would m e a n t h a t t h e W3 side of W2W3 

would have to be p ro tec ted , which is impossible, since a new condom 

would become infected by W3, a n d W3 only has one edge incident to it. 

(b) W3 c anno t be first since t h e W2 side of W2W3 would have t o be 

p ro tec ted . F rom t h e a s sumpt ion a b o u t t h e 3-component , th is means 

t h a t W2W1 would have t o be p u t over W2W3. B u t t h e W\ side of W2W\ 

5J[ would have t o be pro tec ted , which- is impossible as before. 

(c) Using t h e s ame a r g u m e n t as in (b) it is seen t h a t W\ c anno t b e 

first. 

Th i s means t h a t none of W i , W 2 , W3 can be first and t h e l e m m a follows 

by cont radic t ion . 

E x e r c i s e 1 0 . 1 Show t h a t a formula similar to (10.1) holds for the case 

where all pa i rs of individuals have a sexual encounter . 

2j E x e r c i s e 1 0 . 2 [M] (A. Or l i tzky a n d ' L . Shepp [93]) Analyze t h e con­

d o m problem wi th ra men , n women, m > n where all men are bisexual. 

E x e r c i s e 1 0 . 3 * [M] In general consider t h e condom problem where 

a preference graph is given a n d two people have a sexual encounter 

if a n d only if t h e y are jo ined by an edge ( thus the original problem 

corresponds to t h e comple te b ipa r t i t e g raph) . 


